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ABSTRACT
The quantum behavior of electrons in bilayer graphene with applied magnetic fields is addressed.
By using second-order supersymmetric quantum mechanics the problem is transformed into two
intertwined one dimensional stationary Schrödinger equations whose potentials are required to be
shape invariant. Analytical solutions for the energy bound states are obtained for several magnetic
fields. The associated spectrum is analyzed, and the probability and current densities are determined.
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1 Introduction
Graphene is the thinnest material ever known, which is composed of a single layer of carbon atoms arranged in a
hexagonal lattice. It was experimentally isolated in 2004 by Geim and Novoselov, and due to its outstanding electric
properties plenty of studies have been performed, one of the most important being the integer quantum Hall effect.
Also, it is known that the charge carriers in monolayer graphene behave as massless chiral quasiparticles with a linear
dispersion relation, leading to a description in terms of a Dirac-like effective Hamiltonian [1].
On the other hand, although many properties of bilayer graphene are similar to the monolayer ones, for bilayer graphene
at low energies the integer quantum Hall effect indicates the presence of massive chiral quasiparticles with a parabolic
dispersion relation instead of a linear one. Moreover, bilayer graphene also can have applications in electronic devices,
as well as in many other areas of technology [1].
In this article we are going to consider the interaction of electrons in bilayer graphene with magnetic fields orthogonal
to the layer surfaces, which are invariant under translations along a fixed given direction on the plane. It is worth to
notice that this physical configuration is similar to the one usually addressed for monolayer graphene. In fact, plenty of
exact solutions for monolayer graphene in orthogonal magnetic fields have been recently found by using first-order
supersymmetric quantum mechanic [2–8]. In this article we are going to show that for bilayer graphene placed in
magnetic fields similar to those addressed in [2] exact solutions for the effective Hamiltonian can be found by using
second-order SUSY QM [9–14].
This paper is organized as follows: in section 2 we will introduce the effective Hamiltonian ruling the bilayer graphene
in external magnetic fields and the SUSY QM approach useful to address the problem. Section 3 contains several kinds
of magnetic fields that can be solved exactly through this method, and a discussion of these results. Our conclusions are
contained in section 4.
2 Effective Hamiltonian for bilayer graphene
Bilayer graphene is a material composed by two monolayers of carbon atoms, each one having a honeycomb crystal
structure. Its electronic properties can be studied inside the so-called tight-binding model [1, 15–17]. Figures 1 (left and
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right) illustrate the structure of monolayer and bilayer graphene, respectively. We can notice that the second layer is
rotated by an angle of pi3 with respect to the first layer; this is known as Bernal stacking in the literature and it is the
most common form of bilayer graphene appearing in nature [1]. Also, the sublattices A of each layer lie exactly on top
of one another, with a hopping parameter γ1 between them, whereas there are no hopping processes between the up and
down sublattices B. The parameter γ1 is usually taken as γ1 = 0.4 eV, which is one order of magnitude lower than the
nearest-neighbour in-plane hopping parameter γ0 ≈ 2.97 eV. This simple model is described by the Hamiltonian
H(~k) =

0 γ0S(~k) γ1 0
γ0S
∗(~k) 0 0 0
γ1 0 0 γ0S
∗(~k)
0 0 γ0S(~k) 0
 , (1)
where S(~k) is given by
S(~k) = 2 exp
(
ikxa
2
√
3
)
cos
(
kya
2
)
+ exp
(
− ikxa√
3
)
. (2)
The ordering of the basis states is: first layer sublattice A, first layer sublattice B, second layer sublattice A and second
a
~a1~a2
B
A
B1 A1
A2 B2
γ1
γ0
γ0
γ4
γ3
a
Figure 1: The structure of monolayer graphene, where atoms A (B) are shown as black (gray) circles, ~a1 and ~a2 are the
primitive lattice vectors and the rhombus is the conventional unit cell (left). Side view of the bilayer graphene, where
atoms A1, B1 on the lower layer are shown as black and light gray circles while atoms A2, B2 on the upper layer are
drawn as black and gray circles, respectively (right).
layer sublattice B. The matrix in Eq. (1) can be easily diagonalized, with its eigenvalues being given by
E(~k) = ±1
2
γ1 ±
√
1
4
γ21 + γ
2
0 |S(~k)|2, (3)
with two independent ± signs; this spectrum is shown in Figure 2. As can be seen, two bands touch to each other at the
points K and K
′
. Around these points the corresponding eigenvalues take the following form
E(~k)1,2 ≈ ±γ
2
0 |S(~k)|2
γ1
≈ ±~
2q2
2m∗
, (4)
where ~q could be either ~k − ~K or ~k − ~K ′ , and m∗ = γ12vF 2 ≈ 0.054me is the electron effective mass, with me being
the electron free mass. This tells us that bilayer graphene has a parabolic band structure without an energy gap. The
other two branches E(~k)3,4 have a gap of size 2γ1, thus they can be neglected at low-energies. Taking into account that
atoms A1 and A2 are in dimer sites, which are coupled by a strong interlayer coupling [18], and that ~qx and ~qy are
the operators px = −i~ ∂∂x and py = −i~ ∂∂y , the following effective Hamiltonian around ~K is obtained
H ~K =
1
2m∗
(
0 (px − ipy)2
(px + ipy)
2
0
)
, (5)
which is neither a Dirac-like (relativistic case) nor a Schrödinger-like (non-relativistic case) effective Hamiltonian.
However, it has very special properties like the chirality of its eigenstates and also that H ~K′ = H
T
~K
; in this work we are
going to study just H ~K , and by simplicity we will denote it as H [1, 18].
2
Electron in bilayer graphene with magnetic fields leading to shape invariant potentials A PREPRINT
-0.10 -0.05 0.00 0.05 0.10
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
ka
E
(e
V
)
Figure 2: The band structure of bilayer graphene within the tight-binding model.
If a magnetic field is applied, the minimal coupling rule transforms pi into pi+ ecAi in Eq. (5). We are going to consider
magnetic fields which are orthogonal to the graphene surface (plane (x− y)) and change only along a fixed direction
(x). Thus, in the Landau gauge the vector potential can be chosen as ~A = A(x)eˆy, which implies that ~B = B(x)eˆz ,
B(x) = A′(x). Now, the eigenvalue equation defined by the Hamiltonian (5) reads
HΨ (x, y) =
1
2m∗
(
0 Π2(
Π†
)2
0
)
Ψ (x, y) = EΨ (x, y) , (6)
where Π = px− ipy − i ecA(x). Taking into account the invariance of this equation under translations along y-direction,
it is natural to propose the following form for Ψ (x, y):
Ψ (x, y) = eiky
(
ψ(2) (x)
ψ(0) (x)
)
, (7)
with k being the wave-number in y-direction. By plugging Eq. (7) into Eq. (6) it is obtained the following system of
equations
L−2 ψ
(0) (x) = −Eψ(2) (x) , (8)
L+2 ψ
(2) (x) = −Eψ(0) (x) , (9)
where L−2 and L
+
2 =
(
L−2
)†
are defined by
L−2 =
d2
dx2
+ η (x)
d
dx
+ γ (x) , (10)
L+2 =
d2
dx2
− η (x) d
dx
+ γ (x)− η′ (x) ,
with η and E being given by
E =
2m∗E
~2
, η (x) = 2
(
k +
e
c~
A(x)
)
. (11)
Up to here the function γ is related with η, thus with A, through γ = η′/2 + η2/4, which is consistent with the fact that
in the approximation leading to equation (6) the second-order intertwining operator L−2 is the square of a first-order
operator, L−2 = (
d
dx +
η
2 )
2. In order to widen options, which includes the possibility that L−2 would be the product of
two in general different first-order differential intertwining operators, from now on we will assume two things: first of
all, η and A will be always related by equation (11); on the other hand, the relation between γ and η is such that L±2
intertwine two Hermitian Schrödinger Hamiltonians [12] (see equation (17) below). These mathematical assumptions
have to do physically with the inclusion in the effective Hamiltonian of equation (5) of extra terms, that could be
associated to large-distance hopping processes, spatially varying external potentials, etcetera [1, 19].
Now, it is straightforward to decouple the system of equations (8-9) by applying L+2 and L
−
2 respectively, thus we get
L+2 L
−
2 ψ
(0)(x) = E 2ψ(0)(x),
L−2 L
+
2 ψ
(2)(x) = E 2ψ(2)(x). (12)
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Note that L+2 L
−
2 and L
−
2 L
+
2 are fourth-order differential hermitian operators. Moreover, η(x) is related linearly with
the vector potential amplitude A(x), hence with the magnetic field as [4, 8]:
B(x) = c~
2e
η′(x). (13)
Another important point is that the second-order operators L−2 and L
+
2 transform ψ
(0)(x) into ψ(2)(x) and vice versa.
Thus, based on Eqs. (6-12) it seems natural trying to adapt the second-order supersymmetric quantum mechanics [9–14]
in the study of bilayer graphene in external magnetic fields.
2.1 Second-order SUSY QM
Let us assume that ψ(0) (x) and ψ(2) (x) are eigenfunctions of the non-relativistic HamiltoniansH0 andH2 respectively,
which are given by
H0 = − d
2
dx2
+ V0(x),
H2 = − d
2
dx2
+ V2(x), (14)
where the so-called SUSY partner potentials V0 and V2 are to be determined. We will assume that an intertwining
relation involving the two Hamiltonians and the operator in Eq. (10) is also fulfilled [12]:
H2L
−
2 = L
−
2 H0. (15)
Taking this into account, after some work the following expressions are obtained:
V2 (x) = V0 (x) + 2η
′ (x) , (16)
γ (x) =
η2 (x)
2
− η
′ (x)
2
− V0 (x) + 1 + 2
2
, (17)
V0(x) =
η′′ (x)
2η(x)
− (η
′ (x))2
4η2 (x)
− η′ (x) + η
2 (x)
4
+
(
1 + 2
2
)
+
(
1 − 2
2η (x)
)2
, (18)
with 1 and 2 being in general arbitrary complex numbers called factorization energies. In this paper we are going to
choose them real, asking as well that V0 and V2 will be shape invariant SUSY partner potentials with known analytic
solutions [20–25].
Let us suppose now that the normalized eigenfunctions ψ(0)n (x) and eigenvalues E(0)n of H0 are given. Equation (15)
implies that the eigenfunctions of H2 can be found by acting L−2 onto ψ
(0)
n . In order to determine L−2 , two seed
solutions u1, u2 in the kernel of L−2 (L
−
2 u1 = L
−
2 u2 = 0) satisfying as well the stationary Schrödinger equation
(H0ui = iui, i = 1, 2) are required. Depending from the choice of u1, u2, 1, 2, we can get different variants for
the spectrum of H2 [12]. In this paper we will restrict ourselves to the simplest possibility leading to a non-singular V2,
which consists in taking u1, u2 as the eigenstates of H0 associated to the two lowest eigenvalues, 1 = E(0)1 , 2 = E(0)0 .
With this choice, the spectrum of H0 will have two extra eigenvalues E(0)0 and E(0)1 as compared with the spectrum
of H2, since both levels are deleted from Sp(H0) in order to create H2. We summarize this by expressing now the
normalized eigenstates of H2, and associated eigenvalues, in terms of the corresponding ones of H0:
ψ(2)n (x) =
L−2 ψ
(0)
n+2 (x)√
(E(0)n+2 − E(0)0 )(E(0)n+2 − E(0)1 )
, E(2)n = E(0)n+2, n = 0, 1, . . . (19)
Going back to our main task, the determination of the eigenstates and eigenvalues of the effective Hamiltonian H for
the electron in bilayer graphene, let us note first of all that
L−2 L
+
2 ψ
(2)
n (x) = (H2 − 1)(H2 − 2)ψ(2)n (x) =
(
E(2)n − E(0)0
)(
E(2)n − E(0)1
)
ψ(2)n (x),
L+2 L
−
2 ψ
(0)
n (x) = (H0 − 1)(H0 − 2)ψ(0)n (x) =
(
E(0)n − E(0)0
)(
E(0)n − E(0)1
)
ψ(0)n (x). (20)
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Thus, the normalized eigenfunctions and eigenvalues of H in terms of the ones of the auxiliar Hamiltonians H0, H2
are given by
Ψ0,j(x, y) = e
iky
(
0
ψ
(0)
j (x)
)
, E0 = 0, j = 0, 1, (21)
Ψn−1 (x, y) =
eiky√
2
(
ψ
(2)
n−2 (x)
ψ
(0)
n (x)
)
, En−1 = ± ~
2
2m∗
√
(E(0)n − E(0)0 )(E(0)n − E(0)1 ), n = 2, 3, . . . , (22)
where the positive eigenvalues are associated to electrons and the negative ones to holes. Note that the ground state has
an extra index to indicate its double degeneracy.
In the next section we are going to analyze different kinds of magnetic fields and physical quantities, as the probability
density ρ = Ψ†Ψ. If the state of the system is one of the eigenfunctions of the Hamiltonian H it is obtained
ρ0,j(x) = Ψ
†
0,jΨ0,j = |ψ(0)j |2, j = 0, 1, (23)
ρn+1(x) = Ψ
†
n+1Ψn+1 =
1
2
{|ψ(2)n |2 + |ψ(0)n+2|2}, n = 0, 1, . . . (24)
In addition, the current density is calculated through the usual procedure leading to [26]
J`,n =
~
m∗ Im
(
Ψ†n j` Ψn
)
, ` = x, y, (25)
jx = σx∂x + σy∂y, jy = σy∂x − σx∂y. (26)
In particular, for the two orthogonal eigenstates associated to the ground state energy of H it turns out that
Jx,0 = Jy,0 = 0. (27)
On the other hand, for the excited states of H the x component is given by
Jx,n+1(x) =
~
2m∗
Im
[
W (ψ
(0)
n+2
∗
, ψ(2)n ) + 2kψ
(0)
n+2ψ
(2)
n
∗]
, n = 0, 1, . . . (28)
while the y component becomes
Jy,n+1(x) =
~
2m∗
Re
[
W (ψ
(0)
n+2
∗
, ψ(2)n )− 2kψ(0)n+2ψ(2)n
∗]
, n = 0, 1, . . . (29)
where W (f, g) = fg′ − f ′g. It is straightforward to check that, if both ψ(0) and ψ(2) are real, then
Jx,n+1(x) = 0, Jy,n+1(x) =
~
2m∗
[
W (ψ
(0)
n+2, ψ
(2)
n )− 2kψ(0)n+2ψ(2)n
]
.
3 Solvable cases
We will analyze now some special magnetic fields leading to pairs of auxiliar shape invariant SUSY partner potentials,
which will supply us exact solutions to our original problem. Hereafter, the parameters ω, α, and D appearing in our
expressions will be taken positive [2].
3.1 Case I: constant magnetic field
The first case to be analyzed is a constant magnetic field ~B = (0, 0, B0), obtained from the vector potential ~A =
(0, xB0, 0) so that η = 2k + ωx, where ω = 2eB0/c~ is a constant with dimensions of (length)−2. If the factorization
energies are chosen as 2 = 0 and 1 = ω, the SUSY partner potentials become
V0(x) =
ω2
4
(
x+
2k
ω
)2
− ω
2
, (30)
V2(x) =
ω2
4
(
x+
2k
ω
)2
+
3
2
ω. (31)
We can see that V0(x) and V2(x) are just shifted harmonic oscillator potentials. The corresponding eigenvalues for the
auxiliar Hamiltonians H0 and H2 are given by
E(0)0 = 0, E(0)1 = ω, E(0)n = E(2)n−2 = nω, n = 2, 3, . . . (32)
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The corresponding eigenfunctions are expressed in terms of Hermite polynomials as follows:
ψ(0)n (ζ) = ψ
(2)
n (ζ) = cne
− 12 ζ2Hn(ζ), (33)
where cn is a normalization factor and ζ =
√
ω/2(x+ 2k/ω), n = 0, 1, 2, . . .
In this case the eigenvalues En for the electrons in bilayer graphene are given by
En−1 =
~2ω
2m∗
√
n(n− 1), n = 1, 2, . . . (34)
It is important to stress that these eigenvalues do not depend of the wavenumber k, even though the eigenfunctions and
the two auxiliar potentials do.
Figure 3 (left) shows plots of the potentials V0, V2 and the constant magnetic field leading to them, while Figure 3
(right) sketches the first lowest eigenvalues En as functions of k. Plots of the probability and current densities are
shown in Figure 4 (left and right, respectively).
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Figure 3: (left) Plot of the potentials and the constant magnetic field as functions of x; (right) some eigenvalues En as
functions of k for ω = 1 and k = 1.
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Figure 4: (left) Plot of some probability densities for the constant magnetic field; (right) current densities for some
eigenstates Ψn(x) with ω = 1 and k = 1.
3.2 Case II: hyperbolic well
The second case we are going to study is the magnetic field
~B =
(
0, 0, B0sech2αx
)
(35)
6
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obtained from the vector potential ~A =
(
0, B0α tanhαx, 0
)
. According to equation (11), the η function is now
η(x) = (2D − α)
(
κ
D − α + tanhαx
)
, (36)
where
D =
eB0
~cα
+
α
2
, κ = 2k
(
D − α
2D − α
)
(37)
are constants having dimension of (length)−1. In order to obtain auxiliar exactly solvable shape-invariant SUSY partner
potentials, we need to choose the factorization energies as 2 = 0 and 1 = D2 + κ2 − (D − α)2 − κ2D2(D−α)2 , so that
V0 = D
2 + κ2 −D(D + α)sech2αx+ 2κDtanhαx, (38)
V2 = D
2 + κ2 − (D − α)(D − 2α)sech2αx+ 2κDtanhαx, (39)
which are called Rosen-Morse II potentials in the literature. They will have a finite discrete spectrum for |κ| < D, with
the eigenvalues of H0 and H2 being given by
E(0)0 = 0, E(0)1 = D2 + κ2 − (D − α)2 −
κ2D2
(D − α)2 ,
E(0)n = E(2)n−2 = D2 + κ2 − (D − nα)2 −
κ2D2
(D − nα)2 , n = 2, . . . , N, (40)
where Nα < D. The corresponding eigenfunctions become
ψ(j)n (ζ) = cn (1− ζ)
sj−n+aj
2 (1 + ζ)
sj−n−aj
2 P(sj−n+aj ,sj−n−aj)n (ζ), j = 0, 2, n = 0, . . . , N. (41)
In this expression cn is a normalization factor, ζ = tanhαx, s0 = Dα , s2 =
D
α − 2, a0 = Dκα(D−nα) , a2 = Dκα(D−(n+2)α)
and P(a,b)n (ζ) are the Jacobi polynomials. In order to fulfill the square-integrability condition, the exponents of the first
two factors in equation (41) need to be greater than zero.
The discrete eigenvalues of H for electrons in this case are
En−1 =
~2
2m∗
E(0)n
√
1− γn, n = 1, 2, . . . , N, (42)
where
γn =
D2 + κ2 − (D − α)2 − κ2D2
(D−α)2
D2 + κ2 − (D − nα)2 − κ2D2
(D−nα)2
. (43)
Let us stress that these eigenvalues depend now on the wavenumber k. As can be seen in Figure 5, we have obtained
a bounded finite discrete spectrum where an enveloping quadratic curve ak2 + bk + c which touches the end points
of En can be drawn, with the constants a, b and c depending on the parameters D and α. The first derivative of this
second degree polynomial is proportional to the group velocity in y-direction and the second derivative is a constant
related to the component [Minert]2,2 of the effective mass tensor, i.e.,
[Minert]2,2 =
m∗
a
, vg = v
2
F
(
~
γ1
)
(2ak + b). (44)
For this specific case we have that a = 4D(D − α)/(2D − α)2, b = 2α− 4D2/(2D − α) and c = D(D − α). From
now on we will write explicitly the constants a, b and c in the cases where it is possible.
In Figure 5 (left) we have drawn the potentials V0, V2 and the corresponding magnetic field, while the eigenvalues En
as functions of k are shown in Figure 5 (right). In Figure 6 (left) the probability densities are sketched while Figure 6
(right) illustrates the probability currents for D = 8, κ = 1, α = 1.
3.3 Case III: trigonometric singular well
In this case the magnetic field is given by
~B = (0, 0, B0 csc
2 αx), 0 ≤ αx ≤ pi, (45)
7
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Figure 5: Plot of the SUSY partner-potentials V0, V2 and the associated hyperbolic magnetic field (left); some
eigenvalues En as functions of k for D = 8, k = 11/10 and α = 1 (right).
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Figure 6: Plots of some probability densities (left) and currents (right) for the hyperbolic well with D = 8, k = 11/10
and α = 1.
which is obtained from the vector potential ~A(x) = (0,−B0α cotαx, 0), and leads to
η = (2D + α)
(
κ
D + α
− cotαx
)
, (46)
where
D =
eB0
c~α
− α
2
, κ = 2k
(
D + α
2D + α
)
, (47)
are two constants having dimension of (length)−1. In order to get auxiliar shape-invariant SUSY partner potentials, we
are going to take 2 = 0 and 1 = κ2 −D2 + (D + α)2 − κ2D2/(D + α)2. Thus
V0(x) = κ
2 −D2 +D(D − α) csc2 αx− 2κD cotαx, (48)
V2(x) = κ
2 −D2 + (D + 2α)(D + α) csc2 αx− 2κD cotαx, (49)
which are the trigonometric Rosen-Morse potentials. The associated energy eigenvalues are
E(0)0 = 0, E(0)1 = κ2 −D2 + (D + α)2 −
κ2D2
(D + α)2
, (50)
E(0)n = E(2)n−2 = κ2 −D2 + (D + nα)2 −
κ2D2
(D + nα)2
, n = 2, 3, . . . , (51)
while the corresponding eigenfunctions are expressed in terms of pseudo Jacobi polynomials as follows:
ψ(j)n = cn(−1)−
Sj+n
2 (ζ2 + 1)−
Sj+n
2 eajarccot(ζ)P (−sj−n−iaj ,−sj−n+iaj)n (iζ), j = 0, 2, n = 0, 1, 2, . . . (52)
8
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where cn is a normalization factor, s0 = D/α, s2 = s0 + 2, a0 = −κDα(D+nα) , a2 =
−κD
α(D+2α+nα) and ζ = cotαx.
Notice that an alternative expression for the eigenfuntions of the trigonometric Rosen-Morse potential in terms of real
orthogonal polynomials of real argument is given in [27].
The eigenvalues of the bilayer effective Hamiltonian H for electrons are now
En−1 =
~2
2m∗
E(0)n
√
1− γn, n = 1, 2, 3, . . . (53)
where
γn =
κ2 −D2 + (D + α)2 − κ2D2/(D + α)2
κ2 −D2 + (D + nα)2 − κ2D2/(D + nα)2 . (54)
Once again, these eigenvalues depend on k, but now this dependence does not impose any restriction on them. Figure
7 (left) shows a plot of the magnetic field and the potentials V0, V2 of equations (45) and (48,49) respectively, while
Figure 7 (right) sketches the first eigenvalues En as functions of k. In Figure 8 we have drawn the probability densities
(left) and currents (right) for some eigenfunctions, associated to the lowest eigenvalues.
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Figure 7: (left) Plot of the potentials and magnetic field for the trigonometric singular well; (right) some eigenvalues
En as functions of k for D = 4, k = 9/5 and α = 1.
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Figure 8: Plots of some probability densities (left) and currents (right) for the trigonometric singular well with D = 4,
k = 9/5 and α = 1.
3.4 Case IV: exponentially decaying magnetic field
For a magnetic field ~B decaying in the positive x-direction in the way
~B =
(
0, 0, B0e
−αx) , (55)
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the vector potential reads
~A =
(
0,−B0
α
e−αx, 0
)
. (56)
Thus, the key function η becomes
η(x) = 2κ− α− 2D exp (−αx) , (57)
where D and κ are constants with dimension of (length)−1 given by
D =
B0e
~cα
, κ = k +
α
2
. (58)
In order to get auxiliar exactly solvable shape-invariant SUSY partner potentials, we will choose the factorization
energies as 2 = 0 and 1 = κ2 − (κ− α)2, so that
V0 = κ
2 +D2e−2αx − 2D
(
κ+
α
2
)
e−αx, (59)
V2 = κ
2 +D2e−2αx − 2D
(
κ− 3α
2
)
e−αx, (60)
which are the Morse potentials. Their corresponding eigenvalues are given by
E(0)0 = 0, E(0)1 = κ2 − (κ− α)2,
E(0)n = E(2)n−2 = κ2 − (κ− nα)2, n = 2, 3, . . . (61)
while the associated eigenfunctions are
ψ(j)n (ζ) = cnζ
sj−ne−
ζ
2 L2sj−2nn (ζ), j = 0, 2, n = 0, 1, . . . (62)
In equation (62) cn is a normalization constant and Lan are the associated Laguerre polynomials with s0 =
κ
α , s2 =
κ
α−2
and ζ = 2Dα e
−αx. In order to fulfill the square-integrability condition it is necessary that κ > nα.
By collecting the previous information, the eigenvalues of H for electrons in bilayer graphene become now
En−1 =
~2
2m∗
E(0)n
√
1− γn, n = 1, 2, 3, . . . , (63)
where
γn =
κ2 − (κ− α)2
κ2 − (κ− nα)2 . (64)
Notice that these energies do not depend of D, which is proportional to the magnetic field strength, although the
eigenfunctions do. In addition, the parameters of the enveloping quadratic polynomial bounding the eigenenergies now
are given by
a = 1, b = 0, c = −α
2
4
. (65)
Plots of the magnetic field, the potentials and the energy levels as functions of k are shown in Figure 9. The corresponding
probability and current densities are drawn in Figure 10.
3.5 Case V: hyperbolic singular field
Let us take now the magnetic field as
~B = (0, 0, B0 csch2αx). (66)
The corresponding vector potential is given by A(x) = (0,−(B0/α) cothαx, 0). Hence:
η = (2D + α)
(
κ
D + α
− cothαx
)
, (67)
with
D =
eB0
c~α
− α
2
, κ = 2k
(
D + α
2D + α
)
, (68)
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Figure 9: Plot of the SUSY partner potentials V0, V2 and the exponentially decaying magnetic field (left) for D = 1,
k = 11/2 and α = 1; some eigenvalues En as functions of k (right).
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Figure 10: Plots of some probability densities (left) and currents (right) for an exponentially decaying magnetic field
with D = 1, k = 11/2 and α = 1.
whose dimensions are (length)−1. By choosing now 2 = 0 and 1 = κ2 +D2 − (D + α)2 − κ2D2(D+α)2 we obtain the
following auxiliar shape invariant SUSY partner potentials
V0(x) = κ
2 +D2 +D(D − α) csch2αx− 2κD cothαx, (69)
V2(x) = κ
2 +D2 + (D + 2α)(D + α) csch2αx− 2κD cothαx, (70)
which are called Eckart potentials in the literature. The eigenenergies become
E(0)0 = 0, E(0)1 = κ2 +D2 − (D + α)2 −
κ2D2
(D + α)2
,
E(0)n = E(2)n−2 = κ2 +D2 − (D + nα)2 −
κ2D2
(D + nα)2
, n = 2, 3, . . . (71)
The corresponding eigenfunctions are expressed in terms of Jacobi polynomials as follows
ψjn(ζ) = cn(ζ − 1)−
sj+n−aj
2 (ζ + 1)−
sj+n+aj
2 P (−sj−n+aj ,−sj−n−aj)n (ζ), j = 0, 2, n = 0, 1, 2, . . . (72)
where cn is a normalization factor, s0 = D/α, s2 = s0 + 2, a0 = κDα(D+nα) , a2 =
κD
α(D+2α+nα) and ζ = cothαx. The
boundary conditions for the eigenfunctions ψjn(ζ) impose the constrain κ > D > 0. In addition, the exponent of the
first factor in equation (72) must be greater than zero and the second must be negative to satisfy the square-integrability
condition.
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The eigenvalues of H for electrons in bilayer graphene are now
En−1 =
~2
2m∗
E(0)n
√
1− γn, n = 1, 2, 3, . . . , (73)
with
γn =
κ2 +D2 − (D + α)2 − κ2D2(D+α)2
κ2 +D2 − (D + nα)2 − κ2D2
(D+nα)2
. (74)
Moreover, an enveloping quadratic polynomial appears, with parameters given by
a = 4D(D + α)/(2D + α)2, b = −2α− 4D2/(2D + α), c = D(D + α). (75)
Figure 11 shows a plot of the potentials and magnetic field (left), while the eigenenergies as functions of k are shown
to the right. On the other hand, Figure 12 shows a plot of probability densities (left) and currents (right) for some
eigenstates of H .
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Figure 11: Plot of the potentials and the hyperbolic singular magnetic field (left); some eigenenergies En as functions
of k with D = 3, k = 105/4 and α = 1 (right).
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Figure 12: Plots of some probability densities (left) and currents (right) for the hyperbolic singular magnetic field with
D = 3, k = 105/4 and α = 1.
3.6 Case VI: singular magnetic field
The last case to be considered involves the following magnetic field
~B =
(
0, 0,
B0
x2
)
, (76)
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which is generated from the vector potential ~A =
(
0,−B0x , 0
)
. According to equation (11), the function η becomes
now
η(x) = − (1 + 2D)(1 +D − κx)
(1 +D)x
, (77)
where D is a dimensionless constant and κ has dimension of (length)−1, which are given by
D =
eB0
~c
− 1
2
, κ =
2(1 +D)
(1 + 2D)
k. (78)
If we want to deal with auxiliar exactly solvable shape invariant SUSY partner potentials, we have to choose the
factorization energies as 2 = 0 and 1 = κ2D2
(
1
D2 − 1(1+D)2
)
. Hence:
V0 = κ
2 +
D(D − 1)
x2
− 2κD
x
, (79)
V2 = κ
2 +
(D + 2)(D + 1)
x2
− 2κD
x
, (80)
which are the radial Coulomb potentials with a centrifugal term. Their corresponding eigenenergies are
E(0)0 = 0, E(0)1 = κ2D2
(
1
D2
− 1
(1 +D)2
)
,
E(0)n = E(2)n−2 = κ2D2
(
1
D2
− 1
(n+D)2
)
, n = 2, 3, . . . (81)
The corresponding eigenfunctions are given by
ψ(0)n (ζ0) = ζ
D
0 e
−ζ0
2 L2D−1n (ζ0), (82)
ψ(2)n (ζ2) = ζ
D+2
2 e
−ζ2
2 L2D+3n (ζ2), (83)
where ζ0 = 2κDn+Dx, ζ2 =
2κD
n+2+Dx, and L
a
b are the Laguerre polynomials. In order to fulfill the normalizability
condition it turns out that κ > 0.
There is a discrete spectrum for H , whose energy levels for electrons are
En−1 =
~2
2m∗
E(0)n
√
1− γn, n = 1, 2, 3, . . . , (84)
with
γn =
κ2D2
(
1
D2 − 1(1+D)2
)
κ2D2
(
1
D2 − 1(n+D)2
) . (85)
As in most of previous cases, the eigenvalues En depend on the wavenumber k. In Figure 13 (left) plots of the potentials
V0, V2 and the magnetic field are shown, while the eigenvalues En as functions of k are drawn in Figure 13 (right).
Figure 14 sketches the probability densities (left) and currents (right) for fixed values of D and k.
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Figure 13: Plot of the SUSY partner potentials V0, V2 and the singular magnetic field (left); some eigenvalues En as
functions of k for D = 3 and k = 35/2 (right).
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Figure 14: Plots of some probability densities (left) and currents (right) for the singular magnetic field with D = 3,
k = 35/2.
4 Conclusions
In this paper the second-order SUSY QM has been implemented successfully to solve the effective Hamiltonian
describing the electron motion in bilayer graphene under external magnetic fields orthogonal to the surface inside the
tight-binding framework. We have obtained exact analytic expressions for the bound states of the effective Hamiltonian
with many different magnetic fields, leading to problems which are translationally invariant along y-direction. Moreover,
the corresponding auxiliar second-order SUSY partner potentials turn out to be shape invariant, thus exactly solvable.
We observe that in most cases the energy eigenvalues have an explicit dependence on the wavenumber k, except for
the constant magnetic field. Unlike the monolayer graphene, here we obtain a double degenerate ground state energy
level. We have to stress also on the existence of cases for which the energy spectrum is discrete and finite, depending
on the wavenumber k. For the cases where this happens (Cases II, IV and V), we have built an enveloping quadratic
polynomial, which touches the end point energies where the bound states transform into scattering states. Due to this
quadratic dependence on k, we can show that the group velocity in y-direction is not a constant, and that the only
non-zero component of the effective mass tensor will be constant, with its value just depending on the parameters D
and α. In one of these cases (Case IV) the constants a, b do not depend on D, which is linear in the field amplitude
B0, but in all three cases presented here the effective mass keeps constant and the group velocity depends linearly on
the value of k, regardless the values of the magnetic field parameters. However, there are two cases (Cases II and V)
in which there is an explicit dependence on the parameters of the field, so the limits D → 0 and D  0 are worth of
some study. For the first limit (D → 0) it is observed that the group velocity becomes a constant, which implies that the
effective mass tends to infinity. For the second limit (D  0) it is seen that the effective mass remains constant, but not
the group velocity. We have to emphasize that this analysis is valid only for the gauge (Landau) that has been chosen,
which is given by (0, Ay(x), 0). A different analysis should be carried out if the gauge chosen would depend on the y
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coordinate [28], since the proposal of equation (7) would lose sense due to the lack of translational invariance along y−
direction.
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